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We consider a matter wave bright soliton interferometer composed of a harmonic potential trap
with a Rosen–Morse barrier at its center on which an incident soliton collides and splits into two
solitons. These two solitons recombine after a dipole oscillation in the trap at the position of the
barrier. We focus on the characterization of the splitting process in the case in which the reflected
and transmitted solitons have the same number of atoms. We obtain that the velocity of the split
solitons strongly depends on the nonlinearity and on the width of the barrier and that the reflected
soliton is in general slower than the transmitted one. Also, we study the phase difference acquired
between the two solitons during the splitting and we fit semi-analytically the main dependences with
the velocity of the incident soliton, the nonlinearity and the width of the barrier. The implementation
of the full interferometer sequence is tested by means of the phase imprinting method.
I. INTRODUCTION
The inherent atomic properties, like mass or polariz-
ability, and the very high sensitivities achievable with
atom interferometers make them a very versatile tool for
high-precision measurements of, for instance, fundamen-
tal constants, internal forces, accelerations or rotations
[1–4], being also used in general relativity tests [5, 6] and
having even being proposed for gravitational wave detec-
tion [7, 8].
Atomic Bose-Einstein condensates (BECs) are promis-
ing candidates to increase the phase sensitivity of atom
interferometers due to their large coherence length [9–11].
However, elastic collisions in BECs can produce phase
diffusion reducing the phase coherence [12–14]. Phase
diffusion can be reduced for example by using Feshbach
resonances [15, 16] or by taking advantage of the interac-
tions to introduce non-classical correlations between the
two arms of the interferometer [17, 18]. Nonlinear inter-
actions also give rise to squeezed states which allow to
surpass the standard quantum limit [19–25].
In BECs with attractive interactions, the use of mat-
ter wave bright solitons [26–28] for interferometry was al-
ready proposed in [27] and its potential to increase phase
sensitivity has been recently discussed [29]. The main ad-
vantages that matter wave bright solitons offer are that
they can be described by single large mass macroscopic
wavefunctions, have a well defined spatial localization
and present absence of dispersion. Some methods have
been proposed for implementing the beam splitter be-
havior required in a matter wave bright soliton interfer-
ometer [30] such as applying a resonant pi/2 pulse to an
internal state transition of the soliton [31], using an accu-
rate control of the scattering length in space or in time to
split the soliton into two or more pieces [32] or collisions
with a potential barrier in different scenarios like using
a rectangular barrier [33–35], Gaussian and delta type
potential barriers [36–41], in a quasi one dimensional ex-
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ternal harmonic confinement in the presence of quantum
fluctuations [42] or considering three dimensional dynam-
ics [43].
Here, we consider a matter wave bright soliton inter-
ferometer composed of a harmonic potential trap with a
Rosen–Morse barrier at its center on which an incident
soliton collides and splits into two solitons. The two split
solitons recombine after a dipole oscillation in the trap
at the position of the barrier producing two output soli-
tons. The number of atoms of these two outputs provides
a measure of the phase difference between the two arms
of the interferometer. The phase difference acquired by
the two solitons during the splitting process in a collision
with a potential barrier is often assumed to be pi/2 even
for finite width barriers. Here, we show that this is only
the case in the limit of very high velocities of the inci-
dent soliton and extremely narrow barriers. In general,
the phase difference between the split solitons strongly
depends on the velocity of the incident soliton, the non-
linearity and the width of the barrier. We also point out
the limitations to achieve a symmetric splitting of the
incident soliton by scattering on a potential barrier. Al-
though the two split solitons can be obtained with the
same number of atoms, in general, the reflected soliton
has less velocity than the transmitted one.
The paper is organized as follows. In section II we
describe the considered matter wave bright soliton in-
terferometer. In section III we study the transmission
coefficient as a function of the kinetic energy of the soli-
ton for different nonlinearities. Section IV is devoted
to the analysis of the splitting process focusing on the
case of equal-sized splitting. First, in section IV A the
area of the Rosen–Morse barrier necessary to obtain two
split solitons with the same number of atoms is analyzed.
Then, in section IV B, we study the velocity of the split
solitons and finally, in section IV C the phase difference
acquired between the two split solitons is characterized.
Section V is dedicated to the recombination process, and
finally in section VI we present the conclusions.
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2II. PHYSICAL SYSTEM
Within the mean field approach the dynamics of a
Bose-Einstein condensate at zero temperature in one di-
mension (1D) is described by the time-dependent 1D
Gross–Pitaevskii equation (GPE):
i~
∂
∂t
Ψ(z, t) =
(
− ~
2
2m
∂2
∂z2
+ V (z) + g1D|Ψ(z, t)|2
)
Ψ(z, t),
(1)
where V (z) is the external potential, m the atomic mass
and the parameter that determines the strength of the
atom–atom interactions is g1D = 2N~ωras; with N , ωr,
as corresponding to the atom number, frequency of the
radial confinement and s-wave scattering length, respec-
tively. The wavefunction is normalized to 1, and, we con-
sider negative scattering lengths, as < 0, corresponding
to attractive interactions.
For the implementation of the considered interferom-
eter, first a matter wave bright soliton is created in a
harmonic external potential trap. Then, the potential
trap is suddenly displaced a distance d in the z direction
and the soliton acquires potential energy (Fig. 1 (a)).
The potential energy given by the displacement, accord-
ing to the particle models [44, 45], is fully converted into
kinetic energy once the soliton reaches the center of the
trap Evk = Ep =
1
2mω
2
zd
2. At this time, a Rosen–Morse
potential barrier, on which the soliton will collide, is lo-
cated at the center of the harmonic potential and then,
the external potential reads:
V (z) =
1
2
mω2zz
2 + Vb sech
2
( z
σ
)
, (2)
where ωz is the frequency of the axial confinement, and Vb
and σ are the strength and the width of the Rosen–Morse
potential barrier, respectively. By scattering on the bar-
rier, the incident soliton splits into two solitons which
propagate in opposite directions undergoing a dipole os-
cillation in the harmonic potential (Fig. 1 (b)). Finally,
the two solitons recombine at the position of the barrier
(Fig. 1 (c)) producing two output solitons. The number
of atoms of these two output solitons provides a mea-
sure of the phase difference between the two arms of the
interferometer.
III. TRANSMISSION COEFFICIENT
The first requirement for the implementation of a mat-
ter wave bright soliton interferometer is to possess a
mechanism to coherently split the incident soliton in two
identical solitons. In our system, such a mechanism is
provided by the interaction with a Rosen–Morse poten-
tial barrier, as described in section II. The Rosen–Morse
potential is a sech-squared-shape potential with analyti-
cal solution in the linear regime and provides a good ap-
proximation to the potential created by a focused light
beam by means of the dipole light force [46, 47]. Also, the
FIG. 1. Schematics of the interferometer sequence: (a) initial
situation in which the soliton is displaced with respect to the
center of the harmonic potential trap by a distance d; (b) the
two split solitons obtained after the collision with the barrier
separate from each other and (c) the two solitons return to
the position of the barrier and collide.
absence of sharp edges in the Rosen–Morse barrier, con-
trarily to the delta and squared potentials, avoids sharp
point effects [46].
Fig. 2 shows the transmission coefficient as a function
of the kinetic energy of the incident soliton, Evk , for dif-
ferent values of the nonlinear interaction term. Evk does
not contain the quantum pressure term, i.e., it is only
due to the gradient of the soliton phase (see Appendix
A). The transmission coefficient is defined as:
T =
∫ ∞
0
|Ψ(z, t = pi/ωz)|2 dz, (3)
and it is obtained numerically at a time such that the
two split solitons are well separated from each other
(t = pi/ωz). From Fig. 2, it can be seen that the nonlin-
earity dominates the behavior of the transmission coef-
ficient. The kinetic energy of the incident soliton neces-
sary to obtain a fixed value of the transmission coefficient
decreases (increases) with the nonlinearity for T > T
(T < T ), where T is a value around transmission coeffi-
cients of 0.5, being T = 0.57 for the case shown in Fig.
2. Taking into account that the nonlinearity tends to
hold all the atoms together, as g1D increases, the shape
of the transmission coefficient becomes sharper, favoring
the transmission (reflection) for T > T (T < T ). For
large enough strength of the nonlinear interactions, the
transmission coefficient presents a step-like behavior in
which the incident soliton is either completely transmit-
ted or completely reflected. This step-like behavior has
been also reported for squared barriers [34, 35]. The ana-
lytical linear transmission coefficient of the Rosen–Morse
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FIG. 2. (Color online) Transmission coefficient as a function
of the kinetic energy of the incident soliton for different values
of the nonlinear interaction term. The solid line corresponds
to the analytical solution of the Rosen–Morse potential barrier
obtained in the linear regime. The parameter values are: Vb =
17.14~ωz, σ = 0.67 µm and ωz = 2pi × 78 Hz.
potential, which for 8mVbσ
2
~2 > 1 reads [48]:
TRM =
sinh2
(
σpi
√
2mEvk
~2
)
sech2
(
σpi
√
2mEvk
~2
)
+ cosh2
(
pi
2
√
8mVbσ2
~2 − 1
) .
(4)
is plotted also in Fig. 2 (solid line) showing that it is in
good agreement with the numerical results in the limit
of low nonlinearity.
IV. SPLITTING PROCESS
In this section we focus on the case where the two split
solitons have the same number of atoms, i.e., T = 0.5.
For a fixed width of the barrier and a fixed nonlinearity,
the potential strength of the barrier, Vb, is modified to
obtain the equal-sized splitting for different velocities of
the incident soliton. We consider velocities of the incident
soliton and widths of the barrier achievable in current
experiments [49] but also we study very high incident ve-
locities and very narrow barriers to approach the limit of
the delta potential barrier. In all the cases Evk < Vb i.e.,
the system is in the tunneling regime. For the analysis of
the splitting mechanism we switch off the external har-
monic potential trap in order to take into account only
the effects produced by the interaction between the soli-
ton and the barrier and we focus on three main issues: in
section IV A we calculate the area of the potential bar-
rier required to obtain the equal-sized splitting; in section
IV B we study the difference between the velocity of the
transmitted and reflected solitons and its relation with
the velocity of the incident soliton; and in section IV C
we characterize the phase difference between the trans-
mitted and reflected solitons.
A. Rosen–Morse vs. Delta barrier
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FIG. 3. (Color online) Area of the Rosen–Morse barrier as
a function of the velocity of the incident soliton, while keep-
ing the transmission coefficient fixed at T = 0.5, for different
values of the width of the barrier and a fixed g1D/~ = 25.74
µm/ms (a) and for different values of the nonlinear interac-
tions and a fixed width of the barrier σ = 0.085 µm (b).
In Fig. 3 we show the area of the Rosen–Morse poten-
tial barrier, A = 2Vbσ, required to obtain a fixed trans-
mission coefficient of 0.5, as a function of the velocity
of the incident soliton for different values of the width
of the barrier and a fixed nonlinearity (Fig. 3 (a)) and
for different values of the nonlinear interaction parameter
and a fixed width of the barrier (Fig. 3 (b)). For high
velocities of the incident soliton and very narrow barriers
(Fig. 3 (a)) the area of the barrier has approximately a
linear dependence with the velocity of the incident soli-
ton. Thus, retrieving the behavior for a delta potential
barrier, for which the transmission coefficient of a free
particle reads [50]:
T⊥ =
1
1 + λ
2
~2v20
, (5)
with λ being the strength of the delta potential barrier,
4V⊥ = λδ(z), and v0 the velocity of the incident parti-
cle. From Eq. (5), in order to keep T⊥ equal to 0.5, the
strength of the delta potential barrier must have a lin-
ear dependence with the incident velocity λ = ~v0. In
the Rosen–Morse barrier for T = 0.5, we recover a linear
dependence of the area with respect to the incident ve-
locity for Vb →∞ and σ → 0 while keeping the product
Vbσ constant, but with a different slope than in the delta
potential case. For wider barriers (Fig. 3 (a)), we have
found an approximately quadratic behavior of the area of
the Rosen–Morse potential barrier with respect to the in-
cident velocity for a fixed width of the barrier and a fixed
nonlinearity. We can also see that the growth of the area
of the barrier with respect to the velocity of the incident
soliton is steeper as the width of the barrier increases.
Note that here we have considered very thin barriers be-
cause for high incident velocities, the width of the barrier
is limited from above since for wide enough barriers the
incident soliton splits in more than two pieces. In order
to analyze the effects of the nonlinearity, in Fig. 3 (b) we
study low incident velocities and we observe that as g1D
increases, for a fixed width of the barrier, the area of the
barrier necessary to keep T = 0.5 decreases. This effect
is consistent with the dependence on the nonlinearity of
the transmission coefficient as a function of Evk (shown in
Fig. 2). For a fixed Evk and for T < T = 0.57, as g1D in-
creases, the transmission coefficient decreases. Thus, the
potential strength of the barrier should decrease in order
to maintain the equal-sized splitting. Note that the ef-
fect of the nonlinearity decreases as the incident velocity
increases.
B. Velocity of the split solitons
In the equal-sized splitting, even though the reflected
and transmitted solitons have the same number of atoms,
they do not behave symmetrically. In general, we find
that the reflected soliton is slower than the transmitted
one and their velocities depend on the width of the bar-
rier and on the strength of the nonlinear interaction. Fig.
4 shows the numerically calculated ratio between the ab-
solute value of the velocity of the reflected (transmitted)
soliton and the velocity of the incident soliton as a func-
tion of the velocity of the incident soliton, for different
values of the width of the barrier for a fixed g1D (Fig.
4 (a)) and for different values of the nonlinearity for a
fixed σ (Fig. 4 (b)). In each case, the lower curve cor-
responds to the reflected soliton. The difference between
the absolute values of the velocities of the transmitted
and reflected solitons increases as the width of the bar-
rier increases (Fig. 4 (a)). We also observe that, for low
velocities of the incident soliton, as the nonlinearity in-
creases (Fig. 4 (b)), the split solitons are slowed down
and eventually they become trapped at the position of
the barrier. This effect also appears in rectangular barri-
ers [34] and limits the maximum value of the nonlinearity
in order to maintain the 50-50 splitting. Notice also that
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FIG. 4. (Color online) Ratio between the modulus of the
velocity of the reflected (transmitted) soliton and the velocity
of the incident soliton as a function of the velocity of the
incident soliton for a fixed T = 0.5 for different values of the
width of the barrier for a fixed g1D/~ = 25.74 µm/ms (a) and
for different values of the nonlinear interactions for a fixed
width of the barrier σ = 0.668 µm (b). The velocities of the
transmitted and reflected solitons are represented with the
same line type, being in each case the velocity of the reflected
soliton the lower curve.
the mean of the absolute value of the velocities of the two
split solitons, ∆v = (|vT | + |vR|)/2, is practically inde-
pendent of the width of the barrier (Fig. 4 (a)) but it is
strongly affected by the nonlinearity (Fig. 4 (b)). Also,
∆v approaches the velocity of the incident soliton for high
incident velocities i.e., the ratio ∆v/v0 tends to one as the
incident velocity increases. In Fig. 4 we can also see that
the velocity of the transmitted soliton is, in some cases,
larger than the velocity of the incident one. Neverthe-
less, the increase of velocity of the transmitted soliton is
accompanied by a decrease of the velocity of the reflected
soliton and therefore the total energy is conserved. The
difference in velocity of the split solitons introduces an
accumulated phase difference between the two arms of
the interferometer, that will be discussed in section V.
5C. Phase difference
Here we analyze the phase difference introduced during
the splitting process when the two split solitons have the
same number of atoms. Performing a detailed analysis of
the phase evolution during the splitting of a soliton col-
liding with a Rosen–Morse potential barrier, we observe
a strong dependence on the width of the barrier, velocity
of the incident soliton and nonlinearity. These depen-
dences go beyond the one soliton solution (Eqs. (A1) and
(A2) in Appendix A) of the GPE and requires to consider
the n-soliton solution obtained by Zakharov and Shabat
[51, 52], which shows that neighbor solitons make their
presence felt through phase and position shifts (Eq.(A9)
in Appendix A). In fact, we find that the phase differ-
ence introduced during the splitting of a matter wave
bright soliton into two solitons by colliding with a poten-
tial barrier arises from two main sources, the interaction
between soliton and barrier and the interaction between
the reflected and transmitted solitons. The influence of
the soliton-soliton interactions when two solitons collide
at the position of a potential barrier has been recently
discussed [36].
1. High incident velocities
Fig. 5 shows the phase difference between transmitted
and reflected solitons for a fixed transmission coefficient,
T = 0.5, as a function of the mean of the absolute values
of the velocities of the two split solitons, ∆v, for high
incident velocities and for different widths of the barrier
and a fixed nonlinearity (Fig. 5 (a)) and for different
nonlinearities and a fixed width of the barrier (Fig. 5
(b)). We compute the phase difference of the two split
solitons when they are separated 10 µm in order to avoid
the self-interferences that appear in the reflected soliton
just after the splitting. We observe that the phase differ-
ence increases as ∆v increases, and its growth depends on
the width of the barrier (Fig. 5 (a)). For a fixed width of
the barrier (Fig. 5 (b)), the phase difference introduced
during the splitting process in the case of high incident
velocities increases as the nonlinearity increases. Taking
into account these dependences with the parameters of
the system and the phase shift due to the presence of
two neighboring solitons, we approximate the phase dif-
ference introduced during the splitting of a matter wave
bright soliton by interacting with a Rosen–Morse barrier
for high velocities of the incident soliton (solid line of Fig.
5) as:
∆φ(∆v) = −2 arctan
(
g1D
2~∆v
)
+ C1 + C2
√
∆v (6)
where Ci, with i = 1, 2, are independent of ∆v but de-
pend on the parameters of the system, and in our case
have been adjusted numerically. The first term of the
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FIG. 5. (Color online) Phase difference between the trans-
mitted and reflected solitons as a function of the mean of the
absolute values of the velocities of the two split solitons for a
fixed transmission coefficient of 0.5, high velocities of the inci-
dent soliton and for different values of the width of the barrier
and a fixed g1D/~ = 25.74 µm/ms (a) and for different values
of the nonlinear interactions and a fixed σ = 0.085 µm (b).
Solid lines correspond to the semi-analytical fit given by Eq.
(6) with the parameters Ci (i=1,2) adjusted numerically.
right hand side of Eq. (6) corresponds to the phase shift
associated to the soliton-soliton interaction derived from
Eq. (A9) in Appendix A) and that is highly affected by
g1D. The second term provides a phase difference due
to the interaction of the incident soliton with the barrier
that does not depend on ∆v but in general is strongly
affected by the nonlinearity, growing as the nonlinear-
ity increases. The third term depends on
√
∆v, and its
growth is determined by C2 which is highly affected by
the width of the barrier. Our results recover the an-
alytical phase difference predicted for a delta potential
barrier in the limit of σ → 0 and very high incident ve-
locities (see Fig. 5 (a) with σ = 0.011 µm). In this limit,
the first term of Eq. (6) tends to zero due to its inverse
dependence on ∆v, the last term, which depends on the
width of the barrier, also tends to zero and only remains
the term C1 which tends to pi/2 for high enough incident
velocities. Thus, retrieving the delta potential barrier
behavior [37, 38].
62. Low incident velocities
Here we focus on velocities of the incident soliton and
widths of the barrier compatible with the range of pa-
rameter values available in current experimental setups
[49]. In this regime, we obtain similar general depen-
dences with the width of the barrier and the nonlinearity
as the ones described for high incident velocities, but
with a considerable deviation with respect to the semi-
analytical fit given by Eq. (6). This may be due to the
increase of the interaction time between soliton and bar-
rier for low velocities. As for the case of high velocities of
the incident soliton, the width of the barrier determines
the growth of the phase difference with the mean of the
absolute values of the velocities of the two split solitons
(Fig. 6 (a)), while the nonlinearity affects mainly the
arctangent dependence of the phase difference as shown
in Fig. 6 (b). From Fig. 6 (b) we can also notice that
the range of represented points is shifted to higher values
of the mean of the absolute values of the split solitons
as the nonlinearity decreases. This is related with the
slowing down of the split solitons (discussed in section
IV B) for large nonlinearities. Thus, the same velocity of
the incident soliton, v0, leads to different ∆v for different
nonlinearities.
V. RECOMBINATION
In this section we study the complete evolution of the
interferometric sequence described in Fig. 1. Fig. 7
shows the phase evolution of the incident soliton (solid
line) and of the two equal-sized split solitons (dashed
and dotted lines) as a function of time during the inter-
ferometric sequence: (i) the incident soliton (solid line)
moves towards the potential barrier, during the first 2.8
ms of the evolution, converting its potential energy into
kinetic energy; (ii) the soliton collides with the Rosen–
Morse barrier (gray area between 2.8 and 3.7 ms) and
splits into two solitons with different phases and differ-
ent velocities (dashed and dotted lines); (iii) the two soli-
tons perform a dipole oscillation in the trap for approxi-
mately 5.4 ms which provides an oscillatory behavior of
the phase, different for each of the solitons due to their
different velocities after the splitting (see section IV B);
(iv) finally, the two solitons recombine at the position of
the barrier (gray area starting at 9.1 ms) giving two out-
put solitons. The number of atoms at the two outputs
of the interferometer depends on the phase difference be-
tween the transmitted and reflected solitons at the posi-
tion of the barrier during the recombination process. We
have tested the implementation of the interferometer by
means of the phase imprinting method [53], modifying
instantaneously the phase of one of the arms of the inter-
ferometer. Fig. 8 (a) shows the density evolution of the
incident and split solitons without any imprinted phase.
Fig. 8 (b) and (c) correspond to the cases of imprinted
phases of ϕ = 1.7 rad and ϕ = 2.4 rad, respectively.
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FIG. 6. (Color online) Phase difference between the trans-
mitted and reflected solitons as a function of the mean of the
absolute values of the velocities of the two split solitons for
low velocities of the incident soliton, for a fixed transmission
coefficient of 0.5, and for different values of the width of the
barrier and a fixed g1D/~ = 25.74 µm/ms (a) and for different
values of the nonlinear interactions and a fixed width of the
barrier σ = 0.668 µm (b).
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FIG. 7. (Color online) Phase evolution of a matter wave
bright soliton of 7Li with 4 × 103 atoms (solid line) and the
two split solitons (dashed and dotted lines) as a function of
time during the complete interferometric sequence. The pa-
rameter values are: Vb = 16.09~ωz, ωz = 2pi×78 Hz, σ = 0.67
µm, ωr = 2pi × 800 Hz, d = −20 µm and as = −0.16 nm
7FIG. 8. (Color online) Contour plot of the atomic density, |Ψ(z, t)|2, during the splitting and recombination processes for an
incident soliton of 7Li with 4× 103 atoms and as = −0.16 nm centered at d = −20 µm in a harmonic external potential with
ωz = 2pi × 78 Hz, ωr = 2pi × 800 Hz and a Rosen-Morse barrier with height Vb = 16.09~ωz and width σ = 0.67 µm. We plot
three different imprinted phases (a) ϕ = 0 rad, (b) ϕ = 1.7 rad, (c) ϕ = 2.4 rad, which produce 92%, 75% and 50% of the
initial number of atoms at the right output, respectively.
Clearly, the number of atoms at the outputs of the inter-
ferometer is dominated by the phase difference between
the two solitons in the recombination stage.
VI. CONCLUSIONS
We have studied a matter wave bright soliton interfer-
ometer composed of a harmonic external potential trap
with a Rosen–Morse potential barrier at its center. We
have focused on the analysis of the splitting process for
the case where the two split solitons have exactly the
same number of atoms. First, we have shown that the
area of the Rosen-Morse barrier necessary to obtain the
equal-sized splitting retrieves the delta behavior for very
thin barriers and very high incident velocities. Other-
wise, a quadratic behavior of the area of the barrier with
the velocity of the incident soliton appears. We have also
reported that the velocities of the reflected and transmit-
ted solitons are strongly affected by the nonlinearity be-
ing both solitons slowed down, and eventually trapped at
the position of the barrier, for high enough nonlinearities.
In addition, we have found that, in general, the reflected
soliton is slower than the transmitted one. We have also
characterized the phase difference between the two split
solitons. For high velocities of the incident soliton we
have derived a semi-analytical fit that reproduces the
main dependences on the velocity, width of the barrier
and nonlinearity for the equal-sized splitting. We have
also recovered the delta behavior in the limit of high in-
cident velocities and extremely thin barriers. Finally, we
have analyzed the recombination process, studying first
the phase evolution in the full interferometric sequence,
and then we have tested the performance of the interfer-
ometer, introducing a phase difference between its two
arms by means of the phase imprinting method show-
ing that the number of atoms at each of the outputs is
strongly affected by the introduced phase difference.
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Appendix A: Matter wave bright solitons solutions
The bright soliton solution of the homogeneous one di-
mensional GPE with attractive interatomic interactions
can be expressed as [54]:
Ψ(z, t) =
√
α
2
sech [α(z − z0 − vt)] eiφ(z,t) (A1)
where:
φ(z, t) =
mv
~
(
(z − z0)− vt
2
)
+
~
2m
α2t+ θ, (A2)
v is the soliton velocity, z0 is its initial position, θ is an
arbitrary initial phase and α = Nωrasm/~ with N , ωr,
as and m corresponding to the atom number, frequency
of the radial confinement, s-wave scattering length and
atomic mass, respectively. Even though Eq. (A1) is
strictly valid only in the homogeneous case, the ground
state of an attractive BEC in a quasi-one dimensional
geometry with sufficiently weak axial confinement takes
8the form of the bright soliton solution of the homoge-
neous GPE [55].
In the absence of external potential, the total energy
of the soliton can be separated into three contributions
[56]:
Et = E
p
k + E
v
k + Eint (A3)
where:
Epk =
~2
2m
∫
dz
∣∣∣∣∂|Ψ(z)|∂z
∣∣∣∣2 = α2~26m , (A4)
Evk =
~2
2m
∫
dz
∣∣∣∣|Ψ(z)| ∂∂z exp [iϕ(z, t)]
∣∣∣∣2 = m2 v2, (A5)
Eint = −g1D
2
∫
dz |Ψ(z)|4 = −α
2~2
3m
, (A6)
being Epk the quantum pressure term, E
v
k the kinetic en-
ergy given by the gradient of the phase of the soliton,
and Eint the energy due to the nonlinearity.
The general n-soliton solution of the homogeneous
GPE can be written, for large enough spatial separation
among them, as the sum of n single soliton solutions [52]:
Ψ(z, t) =
n∑
j=1
Ψj(z, t) (A7)
with:
Ψj(z, t) = Aj
√
α
2
sech [Ajα(z − z0j − vjt) + qj ] (A8)
× exp
[
i
{
mvj
~
(
(z − z0j)− vjt
2
)
+
~
2m
A2jα
2t+ θj + ψj
}]
,
where Aj corresponds to the amplitude of the jth soliton,
qj and ψj are the position and phase shift, respectively,
which are given by [52]:
qj+iψj =
∑
k 6=j
± ln
[
Aj +Ak + i(vj − vk)m/2~α
Aj −Ak + i(vj − vk)m/2~α
]
(A9)
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